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1. INTRODUCTION 
The equations of surface gravity waves in shallow water [l], like the 
equations of gas dynamics [2] and magnetogasdynamics (Lundquist system) 
[3], belong to the class of quasilinear symmetric hyperbolic conservation 
laws. It is well known that the solutions of such systems develop singularities 
after a finite time, even when the initial data is smooth. From a physical 
point of view, the solution of the initial value problem describes the unfolding 
of the physical system from its initial conditions, and such a solution in some 
generalized sense must exist for all time. With this end in view, Lax [4-71 
(see also [S]) has developed the basic concepts of the theory of generalized 
solutions in the small and in the large. The latter [5-71 (called “weak solu- 
tions”) is based on the integral version of the conservation laws of first 
order quasilinear hyperbolic system in two independent variables. By using 
the integral form of the differential system, Lax has so generalized the notion 
of solution in the large that the regular solution in the ordinary sense is a weak 
solution, but a weak solution also includes a discontinuous solution. On the 
other hand, the theory of generalized solution in the small [4, 51 is the exten- 
sion of the initial value problem to Lipschitz continuous initial data for a 
system of first order quasilinear equation in two independent variables. To 
achieve this, Lax approximates the Lipschitz continuous initial data by a 
sequence of smooth functions and obtains (as solutions) a sequence of smooth 
functions, the limit of which is a Lipschitz continuous solution. Among other 
results, he has proved that the discontinuities in the first derivative of initial 
Lipschitz continuous data are propagated only along the characteristics of 
the system [4]. This means that weak discontinuities (in gas dynamics 
terminology) are propagated along the characteristics of the hyperbolic 
system. Some of this theory has been extended to the “large” by Johnson [4a]. 
The propagation of a weak discontinuity in shallow water and its growth 
into a shock has been discussed by Stoker [9] for one-dimensional unsteady 
gravity waves in shallow water with plane horizontal bottom. Under this 
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restriction, there is a well-known analogy between the equations of gas 
dynamics and gravity waves in shallow water [I] (see also [lo], p. 63), and 
Stoker’s work is based on this analogy. Greenspan [11] has discussed the 
growth of a weak discontinuity into a shock for shallow water with a bottom 
of uniform slope. For such a bottom, Greenspan [12] has also obtained 
solutions wherein the wave motion remains continuous for all time. This is in 
contrast to wave motion in shallow water with plane horizontal bottom (and 
in gas dynamics) wherein a continuous solution for all time is not possible 
for any initial condition [13]. Kaul [14] has discussed the propagation of a 
weak discontinuity for two-dimensional unsteady wave motion in shallow 
water with bottom of arbitrary shape, and has shown that it is possible for 
a weak discontinuity to grow into a shock when the bottom is a horizontal 
plane or it may decay if the bottom is nonuniform. The work in [14] is based 
on the compatibility conditions across surface of discontinuity derived by 
Thomas [15]. In this paper, we discuss the same problem in a shallow liquid 
magnetohydrodynamics theory worked out by Fraenkel [16]. The bottom 
here is a horizontal plane, but we bring out the effect of magnetic field on the 
growth of a weak discontinuity into a shock. A general result for the propaga- 
tion of a weak discontinuity along the characteristics of symmetric hyperbolic 
system of conservation laws has been derived by Jeffrey and Taniuti [IO] 
(see p. 149) by employing ray theory of geometrical optics. The results 
arrived at in this paper, however, cannot be obtained as a particular case of 
the result given by Jeffrey and Taniuti, as the equations of shallow liquid 
magnetohydrodynamics are not of the form considered by these authors. 
The shallow liquid approximation for surface gravity waves in magneto- 
hydrodynamics has been given by Fraenkel [16] primarily to describe 
theoretically the results of Lehnert’s [17] :p e\ eriments with mercury in a 
glass dish. Earlier, Lundquist [IS] has also deduced a shallow liquid theory 
for magnetohydrodynamics on the assumption of infinite conductivity of the 
liquid. This assumption, as he himself had observed, was not approrpiate 
to experiments on the laboratory scale. In the theory worked out by 
Fraenkel [16], the liquid is assumed to be incompressible and has a finite 
uniform conductivity. Fraenkel has deduced two sets of equations: a non- 
linear set, appropriate when the wave amplitude and depth of the liquid layer 
are of the same order; a linear one, suitable when the amplitude is of even 
smaller order than the depth of the liquid. We shall be concerned in this 
paper with the nonlinear set of equations, and hereafter shall refer to this set 
only. 
Among much else, Fraenkel [16] has discussed the damping effect of the 
magnetic field on the tendency of a plane surface of “weak discontinuity” 
to develop, under certain condition into a “strong discontinuity” (shock 
in gas dynamics terminology). In discussing this, Fraenkel has considered 
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only the one-dimensional unsteady case. We have considered here a general 
cylindrical weak discontinuity in the two-dimensional unsteady case. It is 
first shown that two types (contact discontinuity and wave surface) are possible 
in shallow liquid magnetohydrodynamics. Later, an equation (5.8 in Art. 5) 
governing growth or decay of a wave surface advancing in a “quiet” 
liquid is derived. It is shown that, in general, either the wave surface decays 
and is ultimately damped out, or it grows and terminates in a shock. In the 
case of a plane wave surface, however, it is possible to find a critical value of 
the initial discontinuity so that the wave propagates without growth or decay. 
For a general cylindrical wave surface with convex side toward the un- 
disturbed fluid, there exists a critical value of the initial discontinuity for 
which the wave never completely decays out, but the discontinuity tends to a 
critical value as for the plane wave. In general the presence of magnetic 
field has a damping effect on the tendency of the wave surface to culminate 
in a shock, under certain conditions. 
2. FUNDAMENTAL EQUATIONS 
Consider an electrically conducting liquid devoid of viscosity and heat 
conductivity, but with finite resistivity, on an electrically nonconducting 
horizontal bottom in the presence of a vertical magnetic field. Then in 
Fraenkel’s theory [16], the dependent variables are h (fluid depth), v (velocity 
vector), and e (electric current vector). In a Cartesian coordinate system 
Xl , x2 > x3 with the plane x3 = 0 being the plane horizontal bottom, all 
dependent variables are independent of the x,-coordinate (cf. [16]), and 
v = (ul , u2 , O), e = (e, , e2 , 0). The nonlinear equations (in dimensionless 
form) describing surface gravity waves under shallow-liquid approximation 
are (where summation is performed on two repeated indices in any term). 
(2.1) 
2 + UjUi,i + h.i + 2k(ui - <ijej) = 0, (2.2) 
l ,jej.i = 0, (2.3) 
h,iei + he,,i + Eij(h,iUj + hUj,J = 0, (2.4) 
with i, j = 1, 2, cij = 0 when i = j and cl2 = - c21 = 1, t the time, k (con- 
stant) the dimensionless field strength introduced by Fraenkel such that the 
magnetic force does not dominate the hydrostatic pressure gradient. In the 
above equations and sequel, a “comma” in the s&ix denotes partial differ- 
entiation. 
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Let 2 be a cylindrical weak discontinuity with its generators parallel to 
x,-axes, and seperating the fluid at any instant into two parts R,(t) and &(t), 
the latter being that into which Z is moving. The term weak discontinuity 
(singular surface of order one) here implies that the variables h, zll , uf etc. 
are all continuous across 2, but not all their first-order derivatives with 
respect to space and time are continuous. Then if the discontinuity across 2 
is denoted by the square bracket [ 1, the conditions of compatibility deduced 
by Thomas [15] are 
[Ui.jl = h;v,; 
cu. 
[ 1 
2 = - GA,, 
8t 
[h,j] = Svj; 
iA [ 1 __ = - G[, a 
[ei,j] = <iv,; 6ei L 1 iit = - G5i T 
(‘W 
where G is the speed of propagation of Z, and (vl , I’., , 0) are the direction 
cosines of the unit normal to 2 directed from the R,(t) to the k(t) side. 
3. SINGULAR SURFACE OF ORDER ONE 
Operate on (2.1) to (2.4) with the square bracket [ 1, and use the relations 
(2.5) to (2.7), we have 
(G - u,) 6 = hA, (3.1) 
(G - u,) Ai = (vi , (3.2) 
l jj[jVi = 0, (3.3) 
(en + hc -+ E~~..$u~v~ + hcijAjvi = 0, (3.4) 
where X = &vi , 5 = &vi , u, = uivi and e, = eiLri . From (3.3) and the fact 
vpi = 1, it follows that ti = (vi , i.e., ti can be obtained from the scalar I. 
Multiply (3.2) by vi , and sum over repeated index to get 
(G - u,) A = 5. (3.5) 
Relations (3.1) and (3.5) now give 
{(G - u,J2 - h} h = 0. (3.6) 
It follows from (3.6) that either {(G - u,)” - h} f 0, h = 0 or 
((G - 21,)s - h} = 0, X # 0. Both (G - u,)~ - h and h cannot vanish, 
for if they do then it follows from (3.1) to (3.4) that hi = 8 = ci = 0 (cf. 
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Case (i)). This contradicts the basic assumption about L’. The two cases 
discussed below determine the two types of first-order singular surfaces. 
CASE (i). X = 0, (G - u,J2 - h f 0. Then from (3.5) [ = 0, and from 
(3.2) (G - u,) = 0, Xi f 0 (b ecause if hi = 0 then from (3.3) and (3.4), 
ti = 0, and all first derivatives become continuous across Z). Thus for the 
case under consideration hi # 0 but 
(G - u,) = 0, h = ( == 0. 
This corresponds to “contact type” of singular surface of first order. The 
divergence of velocity vector remains continuous, but corticity is discon- 
tinuous across 2. 
[Div v] = [u<,~] = &vi = X = 0, 
[Curl v] = E~~~[u~,~] = cij3Ajvi = Xz~r - h,va , 
where &j3 is the skew symmetric permutation symbol. 
CASE (ii). A f 0, (G - uJ2 - h = 0. The speed of propagation is then 
given by 
(G - u,) = (h)lf2, (3.7) 
and from (3.1) and (3.7) it follows that 
5 = (h)l’2 A. (3.8) 
Now (3.2) with (3.7) and (3.8) yield 
A, = hq ) (3.9) 
that is, Xi can be derived from a scalar A defined over Z. Further (3.4) now 
becomes 
h(e, + l ijEljVi) + (h)1’2 5 = 0. 
The divergence of velocity is discontinuous, but the Curl of the velocity 
is continuous across Z. 
[Div v] = [u~,~] = &vi = h f 0, 
[Curl V] = p[uisi] = &3hjVi = &j3Xvivj = 0. 
There is mass flow across this type, and we shall refer to it by “wave surface 
of order one” or simply “wave surface.” 
4. WAVES AS PARALLEL SURFACES 
We shall be interested in the rest of the paper with the propagation of a 
wave surface, and hereafter Z shall stand for wave surface type of weak 
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discontinuity. We assume that .Z propagates into a fluid of unit depth at rest, 
then (3.7) and (3.8) reduce to 
G = 1, (4.1) 
if =A (4.2) 
and ui , ui,j , h,i etc. vanish in the R,(t) side of fluid. Further the following 
relations can also be shown to be true (used in (5.3), (5.4)) 
[U*,jUj,J VjVj = - h”; [h,jz4j,j] vj = [h,juj,j] vj = - hf. (4.3) 
Note: (4.3) implies [u] = a2 - a, , where ai [i = I, 21 are on the Ri sides 
of z: 
A consequence of the assumption that Z is moving into a quiet fluid is 
that in the x1 , xa , xa space, the successive positions of Z at different instants 
form a family of parallel cylindrical surfaces (cf. [19], p. 108) with straight 
lines as their orthogonal trajectories. This follows from (4.1) and a general 
result proved by Thomas (cf. [20, p.451) which states that the successive 
positions of a wave surface 2 in space will form a family of parallel surfaces if 
and only if the velocity is constant over the individual surfaces 2. Thus 
given the surface at t = 0, (Z,, say), the position of the surface at any time t 
can be determined by measuring the distance traversed by the wave along 
the normals to L’a . 
5. PROPAGATION OF WAVE SURFACE 
We shall apply the following second-order compatibility conditions derived 
by Thomas [15] (cf. [20, p. 631) which with (4.1) reduce to 
Ph 
L-1 dt ax,at vj=-;+-& (5.1) 
[zQj] vj =x - m; [ 1 2% ypj = - x + $ , axj at (5.2) 
where $, xi are some quantities defined over Z, x = Lv~ , Q is the mean 
curvature of 2, and s the distance along the normal traversed by the wave 
at any time t from its position at t = 0 (ZO say). 
Differentiate (2.1) and (2.2) by x, and multiply the resulting equations by 
vi and vivj , respectively, to get after taking jumps 
[ 1 d?!L vj + [h,+i,j] vj + [h,jui,i] vj + h[u,,u] vj = 0 ax, at (5.3) 
1 1 2k Vivj + [Uk,jUj,7J VjVj + [h,,] VjVj + 2h[Ujmj] ViVj axj at 
- 2h[ek,j] djkVjVj = 0, (5.4) 
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where use has been made of the fact that ui = 0 on Z. Now the last term on 
the left-hand side of (5.4) vanishes because 
[e,,*] CikViVj = Eik(kViVjVj = E&&Vi = 0 
by use of (3.3) and the result & = I!&. Then (5.3) and (5.4) with the help of 
(2.5)-(2.7), (4.1)-(4.2), (5.1) and (5.2) yield (as h = 1 on 2’) 
d5 
~-5+x-2A&2m=o, 
dA 
~+&~-Xa+2kX=0. 
Adding (5.5) and (5.6), and making use of (4.2), we have 
dh 
-?. A2 - X{k - Q}. 
z=2 (5.7) 
The mean curvature Q of .Z at any instant is related to the mean curvature 
Q. of Z0 by (cf. [19, p. 1121) 
Q= Ql 
1 - 252,s ’
and then (5.7) on integration yields 
x = 4 (1 -e;os),,, J-l
where h, = h at s = 0, and 
(5.8) 
J = 1 - $ h, /i (1 - ~X~,IJ-~~~ eels0 do. 
Note (5.8) gives the variation of discontinuity associated with Z as it moves 
into a “quiet” fluid of unit depth. Since .Z is a cylindrical surface with genera- 
tors parallel to x,-axis, it intersects the horizontal bottom xa = 0 in a curve 
which we shall refer to as “base curve.” Then the mean curvature Sz, of ,Eo 
is related to the curvature R of its base curve C by R = - 252, , the negative 
sign is taken because the positive direction of the unit normal to Z. has been 
taken in the R, side (that is, we use the usual sign conventions). Then (5.8) 
becomes 
with 
X=X 0 (1 &,s J-l, (5.9) 
J = 1 - + A, /I(1 + Ro)-‘/~ e-ko da. 
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6. GROWTH AND DECAY OF THE WAVE 
In (5.9) the positive or negative sign of h determines whether the wave is of 
elevation (compression in gas dynamics terminology) or depression (expan- 
sion). The growth or decay of the wave is determined by the value h, and the 
curvature R of the base curve of Z0 . We consider the following three cases. 
CASE (i). R = 0. The wave surface is then plane, and (5.9) reduces to 
A= 
Xoeck8 
1 - 2 (1 - e-“) . 
Then for &, < 0 or 0 < h, < 2k/3, A + 0 as s -+ co; and the wave decays. 
If h, = 2k/3 then X = h, and the wave propagates without growth or decay. 
But if h, > 2k/3, then X becomes infinite for 
s=~log(l + 
2k 
1 3h, - 2k ’ (6.2) 
and the wave terminates in a shock. 
It is interesting to compare this with the corresponding results in the non- 
magnetic case (k = 0) [14]. Th ere the wave decays when X, < 0 and grows 
into a shock whenever A,, > 0. Here the wave decays even for 0 < /\o < 2k/3, 
the damping effect of magnetic field dominates the tendency of compressive 
wave to grow. For h, = 2k/3, the two opposite effects are balanced, and the 
wave propagates without growth or decay. The initial discontinuity X, = 2k/3 
plays a crucial role in determining whether the wave shall grow or decay. 
Accordingly we designate the value X, = 2k/3 as the critical Aa for the plane 
wave. 
CASE (ii). R < 0. The wave surface is concave to an observer on the 
“quiet” side of the fluid, and normals to Z,, focus at s = - l/R. 
If 
J (- &) = 1 _ !$? jil’R (1 + &J-I/? e-k” do > 0, 
(as will certainly be the case for /\,, < 0) then the focussing (i.e. dR/ds is zero) 
of normals makes / X 1 - co for s + - l/R; the wave becomes infinitely 
steep and remains expansive for X, < 0 and compressive for X, > 0. 
If J(s*) = 0 for 0 < s* < - l/R (which requires h, > 0), then h -+ CO 
as s + s*. A shock forms at s = s*. 
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CASE (iii). R > 0. Then the wave surface is convex to an observer 
on the side of the undisturbed fluid. As 2 propagates, the successive base 
curves form parallel curves, and r the radius of curvature of base curve at 
any instant t is related to r, (the value of Y at t = 0) by 
1 + Rs = Rr, R-k. 
Equation (5.9) then transforms into 
h = ~oe-~(‘-*o) 
(ILJ2 . J ’ 
J = 1 - + A0 (Fjliz PO{erfc(kr,)“” - erfc(b)““}. (6.3) 
If h, < 0, then h remains negative for all r > r,, and monotonically appro- 
aches zero as r 4 03, the wave damps out. Also when 0 < X, < (hs),rit. where 
then h + 0 as r---f co, the wave damps out. But if I\,, > (X,),rit. then there 
exists r* such that J(Y*) = 0 and J(Y) > 0 for Y,, < r < r*. Since h -+ co 
as Y ---f r*, the wave terminates in a shock. However, if 0 < X, = (hs),rit* 
then there does not exist any r for which J vanishes or becomes infinite. 
Thus the wave cannot terminate in a shock nor can it ever completely damp 
out. More precisely, it can be easily shown that as Y + co then h + 2k/3 
(the critical X, for plane wave). For the case under consideration, (6.4) gives 
the critical value of X, which is always greater than that for a plane wave, i.e., 
(h,Jcrit. > 2k/3. This readily follows from the inequality 
ACKNOWLEDGMENT 
I am grateful to Prof. N. Coburn for his comments on the earlier version of this 
paper which led to considerable improvement in the presentation. 
1. J. J. STOKER. “Water Waves.” Wiley (Interscience), New York, 1957. 
2. R. COURANT AND K. 0. FRIEDRICHS. “Supersonic Flow and Shock Waves.” 
Wiley (Interscience), New York, 1948. 
434 KAUL 
3. K. 0. FRIEDRICHS AND H. KRANZER. Non-linear Wave Motion. -4.E.C. Research 
and Development Report, NYO-6486, 1958. 
4. P. D. LAX Non-linear hyperbolic equations. Comm. Pure .4ppl. Math. 4 (1953), 
231-257. 
4a. J. L. JOHNSON. Global continuous solutions of hyperbolic systems of quasi- 
linear equations. Ph.D. Thesis, U. of Michigan, 1967. 
5. P. D. L.m. “The Initial Value Problem for Non-linear Hyperbolic Equations.” 
Ann. of Math. Studies, Vol. 33, pp. 21 l-229. Princeton Univ. Press, New Jersey. 
6. P. D. LAX. Weak solution of non-linear hyperbolic equations and their numerical 
computation. Comm. Pure Appl. M&h. 7 (1954), 159-193. 
7. P. D. LAX. Hyperbolic Systems of Conservation Laws II: Comm. Pure Appl. 
Math. 10 (1957). 537-566. 
8. B. L. ROZHDESTVENSKII. “Discontinuous Solutions of Hyperbolic Systems of 
Quasi-linear equations.” American Math. Sot. of Russian Math. Surveys. Vol. 
15, 1960. 
9. J. J. STOKER. The formation of breakers and bores. Comm. Awe Appl. M&h. 
1 (1948), l-87. 
10. A. JEFFREY AND T. TANIUTI. “Non-linear Wave Propagation.” Academic Press, 
New York, 1964. 
11. H. P. GREENSPAN. On the breaking of water waves of finite amplitude on a sloping 
beach. J. Fluid Mech. 4 (1958) 330-334. 
12. H. P. GREENSPAN. Water waves of finite amplitude on a sloping beach. /. Fluid 
Mech. 4 (1958) 97-109. 
13. G. S. S. LUDFORD. On an extension of Riemann’s method of integration with 
applications to one-dimensional gas dynamics. Proc. Camb. Phil. Sot. 48 (1952), 
499-5 10. 
14. C. N. KAUL. Propagation of weak discontinuities in shallow water. Proc. Iadian 
Theor. Appl. Mech. Congr. 5 (1959), 81-98. 
15. T. Y. THOMAS. Extended compatibility conditions for the study of surfaces of 
discontinuity in continuum mechanics. J. Math. Mech. 6 (1957), 311-322. 
16. L. E. FRAENKEL. A shallow-liquid theory in Magnetohydrodynamics. 1. Fluid 
Mech. 7 (1960), 81-107. 
17. B. LEHNERT. On the behaviour of an electrically conducting liquid in a magnetic 
field. Arkiv F&k 5 (1952), 69-90. 
18. S. LUNDQUIST. Studies in Magnetohydrodynamics. Arkiv Fysik 5 (1952), 297-347. 
19. T. Y. THOMAS. “Concepts From Tensor Analysis and Differential Geometry.” 
Academic Press, New York, 1961. 
20. T. Y. THOAIAS. “Plastic Flow and Fracture in Solids.” .4cademic Press, New 
York, 1961. 
